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2009

HIGHER SCHOOL CERTIFICATE COURSE

ASSESSMENT TASK 4: TRIAL HSC

Mathematics Extension 2

TIME ALLOWED: 3 HOURS

(PLUS 5 MINUTES READING TIME)

Outcomes Assessed Questions Marks

Determines the important features of graphs of a wide variety of functions, | 4,5
including conic sections

Applies appropriate algebraic techniques to complex numbers and 2,3
polynomials
Applies further techniques of integration, such as slicing and cylindrical 1,6

shells, integration by parts and recurrence formulae, to problems

Synthesises mathematical solutions to harder problems and communicates 7,8
them in an appropriate form

Question | 1 2 3 4 5 6 7 8 Total %

Marks /115 /115 /115 /115 /115 /115 /115 /115 /1120

Directions to candidates:
e Attempt all questions
e  The marks allocated for each question are indicated

e All necessary working should be shown in every question. Marks may be deducted for careless or badly arranged
work.

e Board - approved calculators may be used
e Each new question is to be started on a new page






Question 1. Start a NEW booklet (15 marks)

dx
XV x-1

4
a) Show that _
) j -
b) Find the following indefinite integrals

i) j x%e™* dx

X2 —2X+6

i) [ 2> ox
VX2 +4x+2
. dx
iv
) -[ 2+sin X

Question 2. Start a NEW booklet (15 marks)

a) The complex number @ is given by ~1+iv3.
) Show o° =2&
ii) Evaluate || and argw

iii)  Showthat w isarootof »’-8=0

b) Sketch the region on the Argand diagram whose points z satisfy the inequalities

|z—7|£4and1§argz§£
3 3

i) Prove that (1+itan®)" +(1-itan@)" = 2sec” (8)cos(no)

8
i) Hence prove Re([u itan %) J = 64(12\/5—17)



Question 3. Start a NEW booklet (15 marks)

a) P and Q are points on the curve y = x* +4x> where x=a and x = 3 respectively. The line
y =mx+b is a tangent to the curve at both points P and Q.

)] By forming an expression for m when x=aand x = 3, show that ¢ and g are
double roots of x* +4x*—mx-b=0.

i) Use the relationships between the roots and the coefficients of this equation to find
the values of m and b.

b) When a polynomial P(x)is divided by (x—3) the remainder is 5, and when it is divided by

(x—4) the remainder is 9.

Find the remainder when P(x) is divided by (x—4)(x-3).

¢) The equation x®+kx+2=0 has roots a, j3, y.

) Find an expression for l+1+i in terms of k.
a p vy

i) Show that the value of ® + ° + »* is independent of k.

iii)  Find the monic equation with roots «® + % + »* and coefficients in terms of k.



Question 4. Start a NEW booklet (15 marks)

2 2 2

a) Consider the curves XY jandxe-L o1
16 7 8

) Show that both curves have the same foci.

i) Find the equation of the circle through the points of intersection of the two curves.

2 2
b) The point P(x,,Y,) lies on the hyperbola X—Z—g—z =1, wherea>b>0.
a
i) Write down the equations of the two asymptotes of the hyperbola.
i) Show that the acute angle a between the two asymptotes satisfies tan a = ZZL%Z
a —

i) If M and N are the feet of the perpendiculars drawn from P to the asymptotes, show

2182
that MP.NP =22
a“+b
33
iv) Hence show that the area of APMN is >~ square units.
(a®+b?)



Question 5. Start a NEW booklet (15 marks)

a) Consider the function f (x)=2- 24 :
X°+1
)] Show that the function is even.

i) Find the coordinates of any points of intersection with the axes and the equations of
any asymptotes of the graph y = f (x).

i) Find the coordinates and nature of any stationary points of y = f (x) .

iv) Sketch the graph of y = f (x) showing all the above features.

V) Draw separate one-third page sketches of the graphs of the following:

a y:|f(x)|
B y=[f(x)]
- Y =1(x)

y
b) Ifyisa function of x which satisfies the relation xy =ke* where k is a constant, show that

d
K(x-y)

= =0
X+y(x+y)



Question 6. Start a NEW booklet (15 marks)

a) The region between the curve y =4x—x* and the x-axis is rotated about the line x =5. Find
the volume of the solid generated.

b) The region bounded by the curves g(x)=x* and f (x)=x" is rotated about the x axis.

Using the method of slicing calculate the volume of the solid generated.

c) The region between the curves y = € *¢ and y= € ¢ , the y axis and the linex =1 is
rotated about the y axis.
) Use the method of cylindrical shells to show that the volume of the solid generated

is given by V = 27[_[01Xe’x dx

i) Find the exact value of this volume.



Question 7. Start a NEW booklet (15 marks)

a) A parabola passes through the three pointsO(0,0), A(a,h) and B(—a,h), where a and h are
positive real numbers.

)] Sketch the curve and find its equation.

i) Show that the area contained between the parabola and the line AB is two thirds of
the area of the rectangle with vertices A, B, M (a,0) and N (—a,0).

b)

In the diagram above, a tent has a circular base with centre O and radius |, and AOB is a of the
base. The shaded area PMQR is a typical cross section of the tent perpendicular to AB, and
meets AB at a point M distant x from O.

The curve PRQ is a parabola with axis RM and QM = RM.
i) Show that MQ = +/I” — x?
ii)  Use part (a) to show that the shaded area PMQR is %(I2 -x?)

iii) Find the volume of the tent.



c) ABCD is an isosceles trapezium of height H with AB=DC. The parallel sides ADand
BC are of lengths aand b respectively. X and Y are points on ABand DC respectively such
that XY is parallel to BC . The perpendicular distance between XY and BCish.

Al— a —ip

W
\x

O [ =
/-<
l— T —>

b—a)h
1) Show that the length of XY is given by XY = b—u

i) The solid shown has a square base of 20m by 20m and a square top of 16m by 16m.

The top and base lie on two parallel planes. The four sides are isosceles trapeziums.

The height of the solid is 12m. Find the volume of the solid by taking slices parallel
to the base.



Question 8. Start a NEW booklet (15 marks)

a)
i)
i)
b)
i)
i)
¢) If1,=]
i)
i)

[N

4
Use the substitution u :%— X to show thatjln (1+ tan x dx
0

s

4
Hence find the exact value of I 1+tan x
0

Find jsin(?x)sin(?,x)dx

\/sin x
Find I sin X ++/cos X dx
1
(x2 +1)n

Prove |, :2—1n[2‘” +(2n-1)1, ]

Hence evaluate 1,

-10 -

iijln(

1+tanx

Jo



Extension 2 Mathematics Trial HSC Solutions

Question 1:
a) Show that

N ey
X
x| &
|
[N

Il
oy

Let:

u=~/x-1

X X=4,u=+/3
S 20x-1 x=2,u=1
X=u’+1

Therefore:

j‘- dx

du

[setup relationships®]

b) Find the following indefinite integrals:
i) .[x3e’x dx

Either,
u=x dv=ge"*
du=3x* v=—e*
S0
=X+ I3x2e’xdx [setup and first integral correct @]
= —xe*-3x’e*+6 j xe *dx
=—x%e* -3x°e X —6xe" + j6e‘xxdx [correct signs ©]
=X’ *-3x°e ¥ —6xe* —6e* +c [correct answer (incl +c) @]

or Tabular Form:
u,du's dv,dv's

X [ €5 [correct expressions @]
2\ — X

X 1 —€
\ -

6X\iﬂ\\e

6 [ -—¢€" [correctsigns @]

0 \e‘x

=X —3x’e ¥ —6xe*—6e * +c [correct answer (incl +C) O]
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Extension 2 Mathematics Trial HSC Solutions

. x> —2X+6
i ————dx
) I (x2+4)(x—1)
Partial fractions:
X*-2x+6 _ Ax+B C

(x2 +4)(x—1) B (x2 +4) " (x-1)
x> —2x+6=(Ax+ B)(x—l)+C(x2 +4)

x=1: 5=5C=C=1

x=0:6=-B+4C =>B=-2 [correct values O]
x=-1:9=-2(-A+B)+4C = A=0
2_
J- >2< 2X+6 dx
(x +4)(x—1)

-2 1 o
= dx [correct substitution @
I(x2+4)+(x—1) : ]

=—tan™ (gj +In(x=1)+c [correct answer @]

iii) j__giii——dx
X +4x+2
J- 2X+4+1 dx

VX +4x+42

:J~ 2X+4 N 1
U +4x+2 X +4x+2

=2UXP +4x+2 + 1 dx [correct root integral @]

I\Kx+2f—2

dx [correct split of integral @]

=2UX° +4x+2+In|(x+2)+ (x+2)2—2 +cC
[correct log integral @]
) dx
iv
) I 2+sin x
Using t = tan (ﬁj; dx=ﬂt2; sin x=i2, and hence
2 1+t 1+t
J‘ dx
2+sin X
24t
= _[ 1+—t22t [correct t substitution @]
2+ 5
1+t
:J- dt
1+t+t?
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Extension 2 Mathematics Trial HSC Solutions
dt

Sk
t+= | +=
2 4

1
21 t+=
2 . ( 2)

=—1tan

3 3

+c [correct integration @]

:%tan—l(%(Ztan§+ljj+c [in terms of x @]

Question 2:

a) The complex number @ isgiven by ~1+i/3.
) Show 0® =2w.

o = (—1+i\/§)2
=1-2i\/3-3
=—2-2i/3 [correct working @]
=2(-1-iv3)
=2m
i) Evaluate || and argo.
Noting w=-1+ iv/3 is in the 2™ quadrant:

argo = tan™* [_iij and ZEN N} +(«/§)2

=2?” [answer@] =2 [answer O]
iii) Showthat w isaroot of @’ -8=0.
o’ =w’w [uses identity from i) O]
=200
=2Jef
=8 [answer @]
Hence o is aroot of ®°-8=0.
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Mostly well done

Many did not consider
the quadrant that arg w

should be in



Extension 2 Mathematics Trial HSC Solutions

b) Sketch the region on the Argand diagram whose points

z satisy theinequalities |z—Z| < 4 and%sarg(z)gg.
Letting z=x+iy:
|z—2|=|x+iy—(x—iy)]  Hence 2|y|<4
= 2iy| ly|<2
=2 y| =-2<y<L?2

3+

3+

correct y calculations ©
correct args in diagram ©
correct point at Origin @
correct region shaded ©

C)
i)  Provethat

(1+itan@)" +(1-itan@)" = 2sec” (0)cos(nd).
(1+itan )" +(1-itan @)

:(1+i—smeJ +(1—i—5m0j [correct substitution @]

cos @ cos @

_(cos@+isin6’j“J{cose—isin@jn
cosd cosd

cos(n@)+isin(n@) cos(n@)—isin(nd .

= ( ) ( )+ ( ) ( ) [correct DeMoivre O]
cos" @ cos" @

_Zcos(na)

~ cos"é

=2cos(ng)sec” (&) [correct resolution @]

As reqd.
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Many did not use
z= X+1y correctly in
the formula

Mod is equivalent to
absolute value, and the
-2 for the y limit was
often missed.

Mostly well done



Extension 2 Mathematics Trial HSC Solutions

8
ii)  Henceprove Re((ui tan %) J = 64(12«/5—17)

Noting Re(z):%Re(u?),

8
Reulﬂ tan 1) ]
8
1 [ . ﬂjs( ) 71')8
=—Re||1+itan— | +|1-1tan—
2 8 8

then from i), with n=8,6 = %

= 5.2 oS (8.£j sec® (Zj
2 8 8

= —sec® (gj [correct resolution using i) @]

Now cos? (%) :%(cosgﬂ) using the cos 2@ identity.

1+\/§
242

[correct from identity @]
Hence
cos® (Ej _ [14-\/5]4
8 22
1442412482 +4
64

1741242

64
. sec® (zj
8

64 17-12\2
17+124/2 17-1242

- 64(17 ~1242 )

8
Hence Re((lﬂ tan %j ] = —sec’ (%) as reqd.

- 64(12\/5 —17)

[correct resolution @]
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Many did not refer
back to the previous
part, thus making this
part more complex
and longer than it
should have been.

Most did not connect
the use of double
angle formulae with
the solutiojn to this
problem, so were
unable to complete it.



Extension 2 Mathematics Trial HSC Solutions

Question 3:

a) PandQareonthecurve y=x*+4x’where x=a and
x = [ respectively. Theline y=mx+b isatangent to the

curve at both points P and Q.
i)  Byforming an expression for m when x=« and
x=f,showthat « and S are double roots of

y=x"+4x-mx-b.
With f(x)=x"+4x°, f'(x)=4x’+12x*
At X=a, m, = 4o’ +12a°
At x=p, m, =45°+12/3* [correct expressions for m,,m, @]
Then for f(x)=x"+4x’-mx—b
f'(x)=4x+12x" —m
To be adouble root, f'()=0and f'(8)=0
But
f'(a)=4a’+12a° —m,, and with m, =4a° +12a°
=40’ +120° - (40’ +120°)
=0
Similarly
f'(B)=44°+12* -m,, and with m, =4° +125°
=4p5°+128° - (48° +128*)
=0 [correct deduction for roots @]
Hence, o and g are double roots.
i)  Usetherelationships between the roots and co-
efficients of this equation to find the values of m and

Relationships V\E:th roots and co-efficients:
Yaiata+p+f=-d=a+f=-2 egqn @
S ap:at+20p+20f+ 2 =0=(a+f) +2af=0 eqn @
Y afy:2a’ f+2ap =m=2af(a+p)=m eqn @
Yapys:a’p =-b=b=-a’p eqn @
@ in @ gives

(-2)° +2ap =0

Laff=-2 [correct setup to give a3 correct @]

In @ gives b=—4 [correct b value O]
In ® gives m=2.(-2)(-2)
i.e. m=8 [correct m value @]

6 of 26
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Extension 2 Mathematics Trial HSC Solutions
b) When apolynomial P(x)isdivided by (x-3) the
remainder is5, and when itisdivided by (x—4) the
remainder is9.

Find the remainder when P(x) isdivided by (x—4)(x-3).

P(3)=5=P(x)=(x-3)Q(x)+5
P(4)=9=P(x)=(x-4)Q,(x)+9

When P(x) is divided by (x—3)(x—4), the degree of the
remainder is less than 2. i.e.

R(x)=ax+b

- P(X)=(x-3)(x—4)Q,(x)+(ax+b)[set-up relationships@]
Thus when

x=3:P(3)=5=5=3a+b ... ®
X=4:P(4)=9=9=4a+b ... @ [equations formed @]
@-0: =>a=4

Subst into ®: 12+b=5

b=-7
Hence the remainder is 4x—7 . [remainder correct @]

c) Theequation X’ +kx+2=0 hasrootsa, j, 7.

i)  Find an expression for l+l+1 in terms of k.

a pB vy
Firstly, o+ f+y =0, af+ay+ py =k and afy =-2. Then:
1,1 1 _afray+py

a By apfy

k
= ) [answer correct @]

[re-arranges expression correctly @]

i)  Showthat thevalue of o® + ° + »° isindependent of
K.

Re-arranging the equation to x> = —kx— 2, and substituting the roots:

o’ =—ka -2

B =—kp-2

y'=—ky-2

Hence, adding gives

+p+y = —k(a + B+ ;/) —6 [cubic relationship formed @]
= —k(0)-6

=-6 [value O]
Which is independent of k.

7 of 26
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Extension 2 Mathematics Trial HSC Solutions
iii)  Find the monic equation with roots o, %, > (with
coefficients in terms of k).
New roots are y=a?, f2,7%,50 a=.[y
Subst back in original equation gives:

(\/9)3 + k\/;+ 2=0

yJy +kyy =—2 [eqn with \[y formed @]
ﬁ(y+ k) =—-2 and squaring both sides gives
y(y+k)” =4 [squared eqn correct @]

y(y* +2ky+Kk*) =4

Y’ +2ky* +k’y =4, 50

x> + 2kx* + k*x—4 =0 [final egn correct @]
is the monic equations with roots «?, 5, 7°

Question 4:
X2 y2 y2
a) Consider the curves E+7:l and x> —2-=1
i) Show that both curves have the same foci.
2 2 2
For the ellipse XY g for the hyperbola x° Y 1
16 7 8
a=4 a-1
e:\} _% e—‘/l+§
3 1
=2 =3 [e’s correct O]
Hence the foci are:
(+ae0)
3 (+ae0)
:(i“xz’oj ~ (+1x3,0)
=(£3,0) =(£3,0) [foci correct @]

i) Find the equation of the circle through the
points of intersection of the two curves.

® 8x*—y* =8 for the hyperbola.
@ 7x* +16y* =128 for the ellipse
128x* —16y* =128 (®=D x16) [eqn’s correct O]

@+®:135x* =240  then y° =8x%—8

x2 =18 _56
o 9
ax=x2 .'.y=i—\/%
3 3
[ x value correct @] [y value correct @]

8 of 26
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Extension 2 Mathematics Trial HSC Solutions
Eqn of circle through these points is given by x> +y* =r?
., ., 16 56
e X4y =—+—

9 9

or x>+ y* =8 [eqn correct @]
2 2
b) Thepoint P(x,,Y,) liesonthe hyperbola §_§:1,
wherea> b > 0.
i) Wkite down the equations of the two

asymptotes of the hyperbola.

y=9x yz—Ex [egns correct O]
a a

i) Show that the acute angle o between the two

asymptotes satisfies tanozzzz;ak;2
a -
Using m :E;m2 :—Ewith tana = M‘ gives:
a a 1+mm,
b_-b
tana =|—2 & | [subst correct @]
o
1+ = || —
a\ a
2b
_|_a
b2
T

= a;ak;z since 0 <b< a [algebra correct @]

iii) If M and N are the feet of the perpendiculars
drawn from P to the asymptotes, show that

2182
MP.NP =3P
a“+b
Asymptotes in general form: bx—ay =0;bx+ay =0, hence:
b b
MP=—|ax+ y+c| and NP=—|ax+ y+c| [MP; NP correct @]
va?+b? Ja? +b?
_lbx, —ay,| _|bx +ay|
val +b? Val +b?
P = 1% = | [0% + %
Ja®+p° a2+
b?x2 — a2 V2
= M [expression correct @]
a“+b
2 y2
Since P(x,,Y,) lies on the hyperbola, i;—b—‘z’:l
a

9 of 26
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Extension 2 Mathematics Trial HSC Solutions
Or b*x; —a’y; = a’b’ [uses P on hyperbola correctly @]

‘azbz‘
a“+b
212
:h as reqd.
iv) Hence show that the area of APMN is
a’’ .
R, sgquare units.
(a +b )
p
N .
0~ ] '

With tan(a) = % , then by Pythagoras:

h* = (& ~b?)’ +(2ab) 2ab

=a*-2a%b® +b* + 4a%b?
:(a2 +b2)2
h=a’+b’ [finds h @]

Now, ZMPN =7z -« , hence sin(z—a)=sina.

So sina :f;at:)z, and using [finds sina O]

a +
A:%absinc in APMN gives:

A - 1 a® 2ab
N2 a2 +b? a? +b?
a’b’
= as reqd [algebra correct @]
(a +b)

10 of 26
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Extension 2 Mathematics Trial HSC Solutions

Question 5:

a) Consider thefunction f(x)=2- 4

XX +1

)] Show that the function is even.

4
x*+1
= f(x) [tests correctly @]
- f(x) is even.

-2

i) Find the coordinates of any points of

intersection with the axes and the equations
of any asymptotes of the graph y = f (x) :

Intercepts: [both intercepts correct @]

When x=0 and when y=0
4 4
f(0)=2—— 0=2-
(0) 1 x* +1
=-2 22 1
X +1
2=x"+1
x* =1
x=%1
Asymptotes:
As X— t0,———0,..y—>?2
X +1

.y =2 is ahorizontal asymptote. [asymptote correct @]
iii) Find the coordinates and nature of any
stationary pointsof y = f (x).

d__ 8 >, SO Y _ 0= x=0and f(0)=-2

dX (X2 +1) dX

x 0 0 0

y' <0 =0 >0]i.e. amintp. [tests correctly @]
\

Hence (0,-2)is a minimum. pt. [finds pt @]

11 of 26
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Show all steps —
specially what happens
to the minus signs in
odd/even function
proofs!

Generally well done

Often the reason for
this asymptote was
omitted, and y=2
was stated with no
reasoning shown

As is far too usual, the
test for type of stat pt
was omitted.



Extension 2 Mathematics Trial HSC Solutions 2009

iv) Sketch thegraph of y=f (x) showing all
the above features.

Generally well done

[intercepts/asymptotes correct @]; [shape correct @]

V) Draw separate one-third page sketches of
the graphs of the following:

Generally well done

[shape correct O]

12 of 26



Extension 2 Mathematics

Trial HSC Solutions

B y=[f(x)]

o+

[intercepts/asymptotes correct @]; [shape correct @]

[intercepts/asymptotes correct @]; [shape correct @]

13 of 26
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Asymptote value often
not squared.

Roots become
parabolic in nature —
often drawn as a cusp
indicating confusion
with absolute value.

Asymptotes are square
roots of the original
values here — often left
out.

y'=f(x)isa
reflection in the x-
axis...many omitted
the lower half of the
graph.

Some included the
region (-1< x<1)
where the original
graph is negative!



Extension 2 Mathematics Trial HSC Solutions

b) If yisa function of x which satisfies the relation
y
xy = kex where k is a constant, show that

d
X(x— y)d—i+ y(x+y)=0

x <

Xy = ke
y
Y o
k

Taking logs of both sides:

()

=Inx+Iny+Ink [algebra correct @]

d.

Differentiating both sides:

&, W
dx 1. dx
2
X Xy
dy dy
dx Y 1 dx
X X Xy
dy dy
dx_gzl+lz
X y X X
X+Y

Q(E_EJZ > [algebra correct @]
dx{ x vy X

X (y- x)d—i =xy(x+Yy) [algebra correct @]

14 of 26

2009

Many tried to
differentiate implicitly
with limited success.



Extension 2 Mathematics Trial HSC Solutions 2009

Question 6.

a) Theregion between the curve y =4x—x* and the x-
axisisrotated about thelinex=5. Find the volume of
the solid generated.

By cylindrical shells: h=y and r =5-x

1+

Area of cylinder surface:

h=y

| = 27[(5 - X)
[diagrams of curve/cylinder and 5 A correct @]
So §A=27(5-x)y and

oV =27(5-x)y ox
=27 (5-x)(4x-x) 5x [V correct @]

Then V =) 6V

= lim iZn(S—x)(4x—x2)5x

Ox—0
X=

4
Hence V = _[27:(20X—9X2 +x*)dx [V correct @]
0

4
= 27{1OX2 -3 +£x4}
4 0

=27(160-192+64)
=64r [answer correct @]
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Extension 2 Mathematics Trial HSC Solutions
Alternatively, by slicing:

w
7
T

¥

| w;’

I I

I I

I I
+ + + +
-1 )(1 1 2 3 X2 5 6

1+

For aslice: A=zR*—7r®, where R=5-x;r=5-Xx,

K ;:D
\

X, X, are the solutions to x* —4x+y =0, considering y a
constant. i.e.

_4+.[16-4y
2
—2+2Ja—y

[diagrams of curve/slice and 5 A correct @]

Hence R:5—(2+2\/H); r :5—(2—2\/H) , giving:

SA=7(R-r)(R+r)

(2T)e

=-127\J4-y , and
oV =-12x\J4—y Sy [6V correct O]
Then V=) 6V
—;;TOZ ~127J4—y Sy

Hence V = _[—127r./4— ydy [V correct @]
0
2 a7
-
3
2

0
=127 (‘—.sj
3

=64r [answer correct O]
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Extension 2 Mathematics Trial HSC Solutions 2009

b) The region bounded by the curves g(x)=x* and

f(x)= x* isrotated about the x axis.

Using the method of dlicing calculate the volume of the
solid generated.

1 oX
Inner radius: r = x* Tr
Outer radius: R= X’

Area of Annulus: §A= 7 (R —r?) 1R
[diagrams of curve/slice and 5 A correct @]
Volume of a slice: 6V =7z (R-r)(R+r)dx [6V correct @]
Then
V=> 6V
1

— ;iinoxz;‘(ﬁ +x*)(x* = x*)&x [uses correct notation @]

Hence V =jﬂ(X3 +x)(x* =x*)dx [V correct @]
0
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Extension 2 Mathematics Trial HSC Solutions

1
=7rJ'x6—x8 dx
0

X T

At

7 9 0
-5)
=T ———
7 9

= 27 [answer correct @]
63
c) Theregion between the curves y = € e and
g—-e” , . .
y= , they axisand thelinex = 1 isrotated
about they axis.

i) Use the method of cylindrical shellsto show
that the volume of the solid generated is

/

givenby V = Zz_[:xe’x dx

Area of cylinder surface:

h=y, -V,

| =27x
[diagrams of curve/cylinder correct @]
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e€+e* e-e”
2

Height: h=

2e
2

=¢e* [expression for h correct @]
Hence annulus has:

OA=2rxe, and [ 6 A expressions correct @]
oV =27zxe*5x [6V expressions correct O]
Then

V=)V

1
= lim ZZ;zxe‘x§x
x=0

Oox—0

1
Hence V = 272'I xe * dx as reqd.
0

i) Find the exact value of this volume.

X

1
V= Zﬂf xe * dx, then by parts: u= x dv=¢e
0 du=dx vy=-g*

=27 (1—3j units® [answer correct O]
e

Question 7.

a) A parabola passes through the three pointsO(0,0),
A(a,h) andB(-a,h), wherea and h are positive real

numbers.

i) Sketch the curve and find its equation.
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Since the parabola passes through (0,0) and is symmetrical
about the y-axis, its equation is of the form y = kx*.

Passing through A(a,h): h=ka’ so k:L2
a

Hence its equation is yzﬂzx2 . [graph and eqgn correct @]
a

i) Show that the area contained between the
parabola and the line AB is two thirds of the
area of the rectangle with vertices A, B,

M (a,0) andN(-a,0).
Area of ABNM = 2ah
So area between parabola and line AB is given by:
a 2
A=2ah- J' r:ﬁizdx [area formula correct @]
ah ® hx? q
=2eh- | o

=2ah —z—?j X? dx

a 0

3 a
:2ah_2_?{x_}
a | 3],

_2ah-2aN
3
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= %ah [integration correct @]
= g>< 2ah
3

= %x ABNM [reasoning to show relationship correct @]

b)

In the diagram above, a tent has a circular base with
centre O and radius |, and AOB is a diameter of the
base. The shaded area PMQR is a typical cross section
of the tent perpendicular to AB, and meets AB at a point
M distant x from O.
The curve PRQ is a parabola with axis RM and QM =
RM.
i) Show that MQ =+/1? — x?
QM?=0Q° -OM?
=17 -x [shows links correctly @]

OM =+/I7 = x*

i) Use part (a) to show that the shaded area
.4
PMQRis —(1? —x?
QRis —(1*-x’)

Area PMQR= %(QPx RM) (from (a))

A:E(Z\/I 2 212 - xz) [shows links correctly @]

iii) Find the volume of the tent.

|
4 2 2
V= J'lg(l —x*)dx [set up V correctly @]

|
_ %{I ZX_%XS} [integration & subst correct @]
0

= %P [answer correct @]
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c) ABCD is an isosceles trapezium of height H with AB=DC.
The paralled sides ADand BCare of lengths aand
brespectively. X and Yare points on ABand
DC respectively such that XYis paralld to BC. The
perpendicular distance between XY and BCish.
)] Show that the length of XY isgiven by

XY:b_(b—a)h

A— & —ip

/N

x Y
“/ \ |
B v/E C
|« b >

Constructing DE || AB, then ADZY ||| ADEC (equiangular).
[construction and similarity @]

Hence:

ZY H-h
b-a H

ZY = w [relationship correct @]
Xy - a (L=A)(H=N)

a H(b-a)H-(b-a)h
H

_aH +bH —aH —bh+ah

- H

_bH—(b-a)h

——

XY:b—(b_a)h

[algebra correct @]

i) The solid shown has a square base of 20m by 20m
and a square top of 16m by 16m.

16m

The top and base lie on two parallel planes. The
four sides are isosceles trapeziums. The height of
the solid is 12m. Find the volume of the solid by
taking slices paralléel to the base.
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From i) above:

(20-16)h

| =20— , SO

2
20-16)h
5A=[20—%} [diagram of slice and 5 A correct @]

and hence

2
oV = (go_wj sh
12

2
:(zo_gj Sh [6V correct @]

.. Volume of solid:
12 h 2
V= lim 2(20——j sh
Sh—0 5 3
12 2
:j(zo—ﬂ] dh
0 3

3 12

3
0
=3904m’ [answer correct @]
Question 8.
a)
)] Use the substitution u =%—x to show

that

T
In(1+tan x)dx:jln( 2 jdx
,  \1l+tanx

Ot [N

When u:%—x, du =—dx and x=u+£,and x=0:>u:£

and x = % = u=0; hence: [correct use of (a—x) @]

In(1+tan (%—UDX— du

In (1+ 1-tan ujdu
1+tanu

In(1+ tan x) dx

O |y
Il
Ot n | O [Y N[N

In (1+ tanu+1—tanu

jdu [correct @]
1+tanu
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change the
variable all in one
line.

Some did not
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/4

i b
Sl In(1+t dx=|1
'([n( +tan x) dx -([n(lthanx

i) Hence find the exact value of

jdx as reqd.

In(1+ tan x) dx

In( 2 jdx
1+tan X

In(2—-(1+tan x)) dx

In(1+ tan x)dx

Ot |y O——n[y ORIV e 1|y

O [y

In2dx— | In(1+ tan x)dx

O i | N

2| In(1+tan x)dx= | In2dx

O |y
O~ [N

[N

O t—— N

4
In(1+tan x)dx:%'[andx
0

_[xln 2]4[
2 0

:%In 2 [answer correct @]
b)
i) Find [sin(7x)sin(3x)dx

Noting sinmxsinn x %[cos(m— n)x—cos(m-+n)x|
sin 7xsin3x = %[cos(?—B) x—c0s(7+3)x]
= %[cos 4x—c0s10x]

[correct use of trig identity @]
jsin 7xsin 3xdx=%jcos4x—colexdx

_1 isin4x—isin10x + ¢ [working @]
2\ 4 10

= lsin 4x—isin 10x+c
8 20

[answer correct @]
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simplification.

Some did not
divide by 2.

This identity not
well used or
known.

Careless signs!
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J/sin x

X ++/C0S X

2
i Find dx
) !Jsin

\/COS X

+
A/Sin X ++/c0s X

[EY
Q.
X

Ol NV [N O [ N

Il
—

X
]
oY

[int correct @]

Il
NN

j v/sin x

3 Jsinx ++/cos x
!
o If |n=j

0(X2+1)

dx = % [answer correct O]

n

i) Prove In+l:%[2”+(2n—1)ln]

Let u= (x2 +1)_n, then du = —n(x2 +1)—n—l 2xdx and

. —2nX
(x2+1)n+1
dv =1, v=x. [parts correct @]
Then, by parts:
o -2 4
I :[x x*+1 }— X X
e

0 . (X2 —Fl)n+1
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Use of

a

J' f (a—x)dx:f f (x)dx

0 0
very poor — this is a
standard method!

By parts components
poorly done.
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1 2
X o :
=2"+ ZnJ'—de [initial integration correct @]
0 (X2 +1)
1 2 _
=2" +2n_|'x+—ln}1dx
0 (X2 +1)

X+l ©1
=2"4+2n| ———dx-2n| ————d
’ n'f[(x2+1)n+l " n'([(x2+1)n+l "

1

1
=24 2nJ' . dx_gnj';mdx [parts correct @]
0 (x2 +1) 0 (x2 +1
=2"+2nl -2nl ,
Thus

| =2"+2nl_-2nl_,
2nl,, =2"+(2n-1)1, [algebra correct @]

Hence , | L [27+(2n-1)1, ] as reqd,

n+l 2 n

i) Hence evaluate |,
Need I, so

!
Il =-([de

= [tan’1 x]:J

== [1, correct @]

= [answer correct @]
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Another standard
method that students
must be familiar with —
many were not.

Many tried to evaluate
l,. Only do this if I,
does not evaluate!

Many errors here -
l,=1,, implies n=2,
which many missed.



	Mathematics Extension 2
	Directions to candidates:

